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. In this paper we study gauge-invariant metric fluctuations from a Noncom- 

pact Kaluza-Klein (NKK) theory of gravity in a de Sitter expansion. We 

\ recover the well known result Sp/p ~ 2<E>, obtained from the standard 4D semi- 

classical approach to inflation. The spectrum for these fluctuations should be 
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I. INTRODUCTION 

U 

The relativistic theory of cosmological perturbations is a cornerstone in our understand- 
ing of the early universe as it is indispensable in relating early universe scenarios, such as in- 
flation, to cosmological data such as the Cosmic Microwave Background (CMB) anisotropics. 
The inflationary model [1] solves several difficulties which arise from the standard cosmologi- 
cal model, such as the horizon, flatness and monopole problems, and it provides a mechanism 
for the creation of primordial density of fluctuations, nedeed to explain the structure for- 
mation [5]. The most widely accepted 4D approach assumes that the inflationary phase 
is driving by a quantum scalar field ip related to a scalar potential V(ip) [2]. Within this 
perspective, the semiclassical approach to inflation proposes to describe the dynamics of 
this quantum field on the basis of two pieces: the spatially homogeneous (background) and 
inhomogeneous components [6]. Usually the homogeneous one is interpreted as a classical 



dependent of the fifth (spatial-like) coordinate. 
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field <pb(t) that arises from the vacuum expectation value of the quantum field. The inhomo- 
geneous component Sip(R, t) are the quantum fluctuations. These quantum field fluctuations 
are responsible for metric fluctuations around the background Friedmann-Robertson- Walker 
(FRW) metric [7]. 

The two current versions of 5D gravity theory are membrane theory [8] and induced- 
matter theory [9]. In the former, gravity propagates freely into the bulk, while the inter- 
actions of particle physics are confined to a hypersurface (the brane). The induced-matter 
theory in its simplest form is the basic Kaluza-Klein (KK) theory in which the fifth dimen- 
sion is not compactified and the field equations of general relativity in 4D follow from the 
fact that the 5D manifold is Ricci-flat. Thus the large extra dimension is responsible for the 
appearance of sources in 4D general relativity. Hence, the 4D world of general relativity is 
embedded in a 5D Ricci-flat manifold. There has recently been an uprising interest in finding 
exact solutions of the Kaluza-Klein field equations in 5D, where the fifth coordinate is con- 
sidered as noncompact. This theory reproduces and extends known solutions of the Einstein 
field equations in 4D. Particular interest revolves around solutions which are not only Ricci 
flat, but also Riemann flat. This is because it is possible to have a flat 5D manifold which 
contains a curved 4D submanifold, as implied by the Campbell theorem. So, the universe 
may be "empty" and simple in 5D, but contain matter of complicated forms in 4D [10]. 
This paper is devoted to study a 4D de Sitter expansion of the universe from a NKK theory 
of gravity, taking into account the scalar metric fluctuations, which are gauge-invariant. In 
particular, we are aimed to describe the 4D dynamics of the gauge-invariant scalar metric 
fluctuations from the NKK theory of gravity. To make it we shall consider the action 
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for a scalar field if, which is minimally coupled to gravity. Since we are aimed to describe 
a manifold in apparent vacuum the Lagrangian density C in (1) should be only kinetic in 
origin 

VC(<p,<p, A ) = ±g AB ip, A ip, B , (2) 

where A, B can take the values 0, 1, 2, 3, 4 and the perturbed line element dS 2 = gABdx A dx B 
is given by 

dS 2 = i) 2 (1 + 2$) dN 2 - i) 2 (1 - 2tf ) e 2N dr 2 - (1 - Q) # 2 . (3) 

Here, the fields $, \I/ and Q are functions of the coordinates [N, f(x, y, z),ip], where N, x, y, 
z are dimensionless coordinates and ip has spatial units. Note that in the action (1) is 
the Ricci scalar evaluated on the background metric (dS 2 ) b = g~ABdx A dx B . In our case we 
shall consider the background canonical metric 

(dS 2 ) b = iP 2 dN 2 - i, 2 e 2N dr 2 - # 2 , (4) 

which is 3D spatially isotropic, homogeneous and flat [3]. Furthermore, the metric (4) is 
globally flat (i.e., Rbcd = 0) an d describes an apparent vacuum: Gab = 0. 
The energy-momentum tensor is given by 

Tab = (P,a(P,b - ^gABf,cV ,C - (5) 
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II. FORMALISM 



In order to describe scalar metric fluctuations we must consider the covariant energy- 
momentum tensor T AB to be symmetric. In such a case we obtain that ^ = $ and Q = 2<3>, 
so that the line element (3), now holds 



dS 2 = 1P 2 (1 + 2$) dN 2 - i) 1 (1 - 2$) e 2N dr 2 - (1 - 2$) # J , 



(6) 



where the field $(iV, r, ip) is the scalar metric perturbation of the background 5D metric (4). 
For the metric (6), |^ 5 ^| = ip 8 e 6N is the absolute value of the determinant for the background 
metric (4) and |^<7o| — ^o^^ is a constant of dimensionalization, for the constants ip$ and 
Nq. Furthermore, G = M~ 2 is the gravitational constant and M p = 1.2 10 19 GeV is the 

ipQ. Here, the index 



Planckian mass. In this work we shall consider Nq = 0, so that 
"0" denotes the value at the end of inflation. 



(5) 



go 



On the other hand, the contravariant metric tensor, after a $-first order approximation, 
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which can be written as g 
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AB 



Sg , being g the contravariant background metric 



tensor. The dynamics for ip and $ are well described by the Lagrange and Einstein equations, 
which we shall study in the following subsections. 



A. Lagrange equations 



The Lagrange equations for the fields (p and <3> are respectively given by 



dN 2 dN 
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dNdN + ^ d^lhp 
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0, (8) 
(9) 



Now we can make the following semiclassical approximation: p(N,f,ip) = (pb(N,ip) + 
5ip(N,f,ip), such that ipb is the solution of eq. (8) in absense of the inflaton and metric 
fluctuations [i.e., for $ = V r Pb = 0]. Hence, the Lagrange equations for ipb and Sip are 
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Note that for $ = V r y2 6 = 0, the equation (9) holds 

/ ^6 \ . ,2 ( d( Pb\ 
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which will be useful later. 



B. 5D Einstein equations 

The diagonal perturbed first order 5D Einstein equations SGaa = SttGSTaa, are 

9 H - 9 4 - *•£ - + 12 * - {wf • (i3) 

Ve »g - 36e»* + 2V?* - 30e-§ - + = 4*^. (0f , (14) 

30-e-V ?O + 2 « + (1 5, 

for the components NN, rr and respectively. Furthermore, the non-diagonal 5D 
Einstein equations (which are symmetric with respect to indices permutation): 5Gab = 
SkGSTab (with A^B), are 

^ + 3 ^iv = ' (16) 
^^iv +2 ^-9iv = ' (17) 

^cfe* ^ dx i dip ^' ^ ^ 

for the components Nx\ Nip and x 1 ^, respectively (latin indices can take values 1,2,3). 
After some algebra, from the equations (13), (14) and (15), we obtain 



h 3 e~ 2A V 2 $ - 2ip 2 1 $ 

dN 2 dN r V dip 2 3 

From eq. (12), the eq. (19) holds 



'P) 2 +ip 2 f^V 

dN J V \ dip I 



0. (19) 



^ + 3 9iv" e v ^~ 2 ^ = ' (20) 

which is the equation of motion for the 5D scalar metric fluctuations $(N,r,ip). 
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C. Normalization of <f> in 5D 



We consider the following separation of the 5D metric fluctuations: $(iV, r, ■?/>) 
$i(iV) $2 (r)<£> 3 (■?/>)• The equation (20) can be rewritten as three differential equations 



# 2 



= 4^3, 



V'$ 2 = -k 2 r <5> 2 , 



^' i + 3§i-(2A;^ + e--A; 2 )$ 1 = 0, 



dN 2 



(21) 
(22) 
(23) 



where k 2 ip 2 > 0. 

Now we consider the transformation ^(N,f,ip) = e~ 3N ^ 2 (jjj^ x(iV, r). This transfor- 
mation also can be physically justified in the sense that we can make observations on any 
hypersurface with constant ip. The equation of motion for x is 

d 2 x 



- (e~ 2N V 2 r + 2*}^ 2 ) x = 0, 



Q N 2 \~ - r • 

where x can De written as a Fourier expansion 
1 



X (iV, r) 



(2tt) 3 / 2 



<i 3 £v / dfe 



1> 



(24) 



(25) 



and the asterisk denotes the complex conjugate and (a kRk ^, a k R k^) are > respectively, the 
annhilation and creation operators which satisfy the algebra 



a k r k^i a Lfc' 



5^ (jc r k r ^j 5 (k^ k^p j . 



The equation of motion for the iV-dependent modes £ krk ^ is 



d 2 ik r i 



dN 2 



+ 



e~ 2N k 2 - 2kW i krk . 



(26) 



The general solution for this equation is 

W^) = ^ ^[x(N)] + C 2 H®[x(N)], (27) 

where v = \/2k^tp is a constant and x(N) = k r e~ N . Using the generalized Bunch-Davies 
vacuum [4], we obtain that 



(28) 



which are the normalized iV-dependent modes of x- 



III. EFFECTIVE 4D DE SITTER EXPANSION 

In this section we shall study the effective 4D ^-dynamics in an effective 4D de Sitter 
background expansion of the universe, which is considered 3D (spatially) flat, isotropic and 
homogeneous. 
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A. Ponce de Leon metric 



We consider the transformation [11] 

t = ^ N, R = tp r, ^ = V- (29) 
Hence, the 5D background metric (4) becomes 



(dS 2 ) h = [dt 2 - e 2t ^dR 2 ] - d^fj 2 , (30) 

which is the Ponce de Leon metric [12], that describes a 3D spatially flat, isotropic and ho- 
mogeneous extended (to 5D) Friedmann-Robertson- Walker metric in a de Sitter expansion. 
Here, t is the cosmic time and R 2 = X 2 + Y 2 + Z 2 . This Ponce de Leon metric is a special 
case of the separable models studied by him, and is an example of the much-studied class 
of canonical metrics dS 2 = ■ip 2 g flu dX tl dX 1 ' — dip 2 [13]. Now we can take a foliation ip = ip 
in the metric (30), such that the effective 4D metric results 

(dS 2 ) b - (ds 2 ) b = dt 2 - e 2t ^dR 2 , (31) 

which describes a 4D expansion of a 3D spatially flat, isotropic and homogeneous universe 
that expands with a constant Hubble parameter H = l/ip and a 4D scalar curvature 
( 4 )7£ = 12H 2 . Hence, the effective 4D metric of (6) on hypersurfaces ip — l/H, is 

dS 2 -> ds 2 = (1 + 2$) dt 2 - (1 - 2$) e 2Ht dR 2 , (32) 

where the metric (32) describes the perturbed 4D de Sitter expansion of the universe, where 
&(R,t) is gauge-invariant. 
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B. Dynamics of $ in an effective 4D de Sitter expansion 



In order to study the 4D dynamics of the gauge-invariant scalar metric fluctuations 
$(R, t) in a background de Sitter expansion we can take the equation (20) with the trans- 
formations (29), for tp — ipQ — l/H 



92$ 4-3^ $ e- 2 ^V 2 ^ 2^ 



0, 



(33) 



V>=-ff- 1 



where 



k\ <E». To simplify the structure of this equation we propose the redefined 



quantum metric fluctuations x(R,t) — e 3Ht / 2 Q(R,t), so that x complies with the following 
equation of motion 
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4 # 2 + 4 *4 



where the redefined field x{R-> t) can be expanded as 



x = o, 



(34) 
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(2tt) 3 / 2 



d 3 k R I dk^p 



a kRk ^e ikR - R i kRk ^{t) + c.c. 5(k^ - k^ ). 



(35) 



Here, the operators a kRki> and a\. Rk comply 



a k R k^ , a k' R k'^ 



5 {3) (k R - k' R ) 5 (k^ - fcj,) , [a kRk ^, a k ^ 



a k Rki , > a \' Rk ' 



0. 



and the time dependent modes (, kRki>0 (t) are given by the equation 

'9 



fc 2 e -2Ht _ , - ^ + 4fc 



4 — 1 - v Vo 
The general solution for this equation is 

ik R k, (t) = A l H^\y(t)] + A 2 Hf[y(t)l 



(36) 



(37) 



where \i 



and y(t) = kRe H - - . Using the Bunch-Davies vacuum [4], we obtain 



W*) = *v^? )[y(0] ' 

which are the normalized time dependent modes of x(R,t). 



(38) 



C. Energy density fluctuations 

In order to obtain the energy density fluctuations on the effective 4D FRW metric, we 
must calculate 



Sp 5T% 



(p) OT> 



(39) 



t=ipoN,R=ip r,ip=l/H 



where 5T NN = —\SgNNf,Lf' L is linearized and the brackets < ... > denote the expectation 
value on the 3D hypersurface R(X,Y, Z). Using the semiclassical expansion ip(R,t) = 
(fb(t) + 5ip(R,t), after some algebra we obtain 



6p I ( (5<p) 2 + e~ 2Ht (V R 5 V f + 2V{5y) 

-V ~ 2$ < 1 - 
(p) 



(<^) 2 + 4ff 2 (<^) 2 



~ 2$, 



(40) 



where we have considered the following approximation: 

'(5ip) 2 + e- 2Ht (V R 5ip) 2 + 2V(5ip) 



(0 6 ) 2 + 4tf 2 ^ b f 



«1, 



(41) 



being V(5ip) = V(<p) - V (<p b ) 
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V(6<p) 



with 



~2 9 



dipt 
9^ . 



2H 2 (y? 6 



(42) 



The approximation (41) is valid during inflation on super Hubble scales (on the infrared 
sector), on which the inflaton field fluctuations are very "smooth". Finally, we can compute 
the amplitude for the 4D gauge-invariant metric fluctuations for a de Sitter expansion on 
the infrared sector (/cr <C e Ht H) 



3Ht ree Ht H 



d 3 k R z kR e kR , 



(43) 



(2tt) 3 7 o 

where e ~ 10~ 3 is a dimensionless constant. The squared ^-fluctuations has a power- 
spectrum V(kji) 



9+16*^ /tf* 



(44) 



which is nearly scale invariant for fc^V'o — k^ /H 2 « 1. In other words, the 3D power- 
spectrum of the gauge-invariant metric fluctuacions depends on the wavenumber k^ related 
to the fifth coordinate on the hypersurface ip = ip = H l . 
It is well known from experimental data [14] that 



n s = 0.97 ±0.03, 



(45) 



where n s = 4 — ^9 + lQk^/H 2 is the energy perturbation spectral index. From the experi- 
mental condition (45), we obtain 



< Jty,, < 0.15 H, 
which is the main result of this paper. 



(46) 



IV. FINAL COMMENTS 

In this paper we have studied 4D gauge-invariant metric fluctuations from a NKK theory 
of gravity. In particular we have examined these fluctuations in an effective 4D de Sitter 
expansion for the universe using a first-order expansion for the metric tensor. A very im- 
portant result of this formalism is the confirmation of the well known 4D result Sp/p ~ 2$ 
[7], during inflation. Furthermore, the spectrum of the energy fluctuations depends on the 
fifth coordinate. More exactly, the result (46) can be written as (k^ o ip ) 2 < (0.15) 2 , being 
(k^ ip ) 2 the degenerated eigenvalue of the equation (21): ip 2 ^M = k 2 h ip 2 & , with 

t = vpoN, R = tp r on the hypersurface ip — t/j — 1/H. Of course, this formalism could be 
extended to other inflationary and cosmological models where the expansion of the universe 
is governed by a single scalar field. 
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